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Dispersion Relations

in

vector channel
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Πµν- и Π+
µν-кореляторы

Наш коррелятор определен через T -произведение:

Πµν(q) = i

∫

d4x eiqx〈0
∣
∣T [Jµ(x)Jν(0)]

∣
∣0〉 .

Что мы знаем о лоренцевой структуре Πµν(q
2) ?
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Πµν- и Π+
µν-кореляторы

Наш коррелятор определен через T -произведение:

Πµν(q) = i

∫

d4x eiqx〈0
∣
∣T [Jµ(x)Jν(0)]

∣
∣0〉 .

Что мы знаем о лоренцевой структуре Πµν(q
2) ?

Рассмотрим сначала структуру

Π+
µν(q) =

∫

d4x eiqx〈0
∣
∣Jµ(x)Jν(0)

∣
∣0〉 .

и ее свертку по лоренцевым индексам

Π+(q) =
i2

3

∫

d4x eiqx〈0
∣
∣Jµ(x)Jµ(0)

∣
∣0〉 .
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Спектральная плотность Π+
µν-корелятора

Рассмотрим сначала структуру

Π+(q) =
i2

3

∫

d4x eiqx〈0
∣
∣Jµ(x)Jµ(0)

∣
∣0〉 .

Вставим между токов 1̂ =
∑

X(p)

∣
∣X(p)〉〈X(p)

∣
∣:

Π+(q) =
i2

3

∑

X(p)

θ(p0)

∫

d4x eiqx〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(0)

∣
∣0〉
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Спектральная плотность Π+
µν-корелятора

Рассмотрим сначала структуру

Π+(q) =
i2

3

∫

d4x eiqx〈0
∣
∣Jµ(x)Jµ(0)

∣
∣0〉 .

Вставим между токов 1̂ =
∑

X(p)

∣
∣X(p)〉〈X(p)

∣
∣:

Π+(q) =
i2

3

∑

X(p)

θ(p0)

∫

d4x eiqx〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(0)

∣
∣0〉

и воспользуемся свойством

〈0
∣
∣Jµ(x)

∣
∣X(p)〉 = e−ipx〈0

∣
∣Jµ(0)

∣
∣X(p)〉 .
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Спектральная плотность Π+
µν-корелятора

В результате получим Π+(q) = 2π q2 θ(q0) ρ(q2) , где

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.
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Спектральная плотность Π+
µν-корелятора

В результате получим Π+(q) = 2π q2 θ(q0) ρ(q2) , где

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.

Давайте убедимся, что ρ(q2) ≥ 0 .
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Спектральная плотность Π+
µν-корелятора

As a result we have Π+(q) = 2π q2 θ(q0) ρ(q2) , where

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.

Lorentz-invariance dictates

〈0
∣
∣Jµ(x)

∣
∣X(p)〉 = [A(p) pµ + B(p) εµ] e−ipx

with p · ε = 0.
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Спектральная плотность Π+
µν-корелятора

As a result we have Π+(q) = 2π q2 θ(q0) ρ(q2) , where

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.

Lorentz-invariance dictates

〈0
∣
∣Jµ(x)

∣
∣X(p)〉 = [A(p) pµ + B(p) εµ] e−ipx

with p · ε = 0, and therefore ε · ε = −1.
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Спектральная плотность Π+
µν-корелятора

As a result we have Π+(q) = 2π q2 θ(q0) ρ(q2) , where

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.

Lorentz-invariance dictates

〈0
∣
∣Jµ(x)

∣
∣X(p)〉 = [A(p) pµ + B(p) εµ] e−ipx

with p · ε = 0, and therefore ε · ε = −1. From current
conservation it follows A(p) = 0, i. e.

〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(x)

∣
∣0〉 =

∣
∣B(p)

∣
∣
2
ε2 = −

∣
∣B(p)

∣
∣
2
≤ 0 .

Lecture 2: Main Ingridients of QCD SRs – p. 5



Baikal Summer School@Большие Коты

Спектральная плотность Π+
µν-корелятора

As a result we have Π+(q) = 2π q2 θ(q0) ρ(q2) , where

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
.

Lorentz-invariance and current conservation dictate

〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(x)

∣
∣0〉 = −

∣
∣B(p)

∣
∣
2
≤ 0 ,

that gives us

ρ(q2) ≥ 0
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Связь с сечением e+e− → адроны

Итак, Π+(q) = 2π q2 θ(q0) ρ(q2) , где

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
≥ 0 .

Важно, что эта функция естественно возникает в
описании процесса e+e− → адроны
в 1-фотонном приближении КЭД:
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Связь с сечением e+e− → адроны

Итак, Π+(q) = 2π q2 θ(q0) ρ(q2) , где

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
≥ 0 .

Важно, что эта функция естественно возникает в
описании процесса e+e− → адроны
в 1-фотонном приближении КЭД:

q

ν µ

e+

e−

X(p)
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Связь с сечением e+e− → адроны

Итак, Π+(q) = 2π q2 θ(q0) ρ(q2) , где

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
≥ 0 .

Важно, что эта функция естественно возникает в
описании процесса e+e− → адроны
в 1-фотонном приближении КЭД:

q

ν µ

e+

e−

X(p) ū(k)γµu(k′)
ie2

q2
〈X(p)|Jµ(q)|0〉
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Связь с сечением e+e− → адроны

So, we have Π+(q) = 2π q2 θ(q0) ρ(q2) , where

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
≥ 0 .

Important that this function naturally appears in description
of the process e+e− → hadrons
in 1-photon approximation of QED:

q

ν µ

e+

e−

X(p) σhad(s) =
16π3 α2

s
ρ(s)
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Связь с сечением e+e− → адроны
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∣
∣〈0

∣
∣Jµ(0)
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∣
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∣
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≥ 0 .

Important that this function naturally appears in description
of the process e+e− → hadrons
in 1-photon approximation of QED:
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e+
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X(p) σhad(s) =
16π3 α2

s
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Связь с сечением e+e− → адроны

In 1-photon approximation of QED:

q

ν µ

e+

e−

X(p) σhad(s) =
16π3 α2

s
ρ(s) =

4π α2

3 s
R(s)

Here we explicitly extract as a factor cross-section
σµ+µ−(s) = 4π α2/(3 s) of the process e+e− → µ+µ−.
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Связь с сечением e+e− → адроны

In 1-photon approximation of QED:

q

ν µ

e+

e−

X(p) σhad(s) =
16π3 α2

s
ρ(s) =

4π α2

3 s
R(s)

Here we explicitly extract as a factor cross-section
σµ+µ−(s) = 4π α2/(3 s) of the process e+e− → µ+µ−.
Therefore,

R(s) =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
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Спектральная плотность Π+
µν-корелятора

Из релятивистской инвариантности и сохранения
векторного тока мы получаем

Π+
µν(q) =

[
qµ qν

q2
− gµν

]

Π+(q)
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Спектральная плотность Π+
µν-корелятора

Из релятивистской инвариантности и сохранения
векторного тока мы получаем

Π+
µν(q) =

[
qµ qν

q2
− gµν

]

Π+(q) =
[
qµ qν − gµν q2

]
2π θ(q0) ρ(q2) .
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Spectral density of Πµν-correlator

Relativistic covariance + vector current conservation gives
us

Π+
µν(q) =

[
qµ qν

q2
− gµν

]

Π+(q) =
[
qµ qν − gµν q2

]
2π θ(q0) ρ(q2) .

Our Πµν-correlator is defined using T -product:

Πµν(q) = i

∫

d4x eiqx〈0
∣
∣T [Jµ(x)Jν(0)]

∣
∣0〉 ,

it also has an evident representation

Πµν(q) =
[
qµ qν − gµν q2

]
Π(q) .
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Spectral density of Πµν-correlator

Inserting 1̂ in between currents we obtain

Π(q) =
−i

3q2

∑

X(p)

∫ ∞

0
dt eiq0t

∫

d3~x e−i~q~x〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(0)

∣
∣0〉

+
−i

3q2

∑

X(p)

∫ 0

−∞
dt eiq0t

∫

d3~x e−i~q~x〈0
∣
∣Jµ(0)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(x)

∣
∣0〉
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Spectral density of Πµν-correlator

Inserting 1̂ in between currents we obtain

Π(q) =
−i

3q2

∑

X(p)

∫ ∞

0
dt eiq0t

∫

d3~x e−i~q~x〈0
∣
∣Jµ(x)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(0)

∣
∣0〉

+
−i

3q2

∑

X(p)

∫ 0

−∞
dt eiq0t

∫

d3~x e−i~q~x〈0
∣
∣Jµ(0)

∣
∣X(p)〉〈X(p)

∣
∣Jµ(x)

∣
∣0〉

=
−i (2π)3

3q2

∑

X(p)

δ(~p − ~q) θ(p0)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2

×

∫ ∞

0
dt

[

ei(q0−p0)t + e−i(q0+p0)t
]
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Spectral density of Πµν-correlator

Or

Π(q2) =
−i (2π)3

3q2

∑

X(p)

δ(~p − ~q)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
∫ ∞

0
dt ei(|q0|−p0)t .

We have the following identities

∫ ∞

0
dt e±iαt = π δ(α) ± iP

1

α
.
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Spectral density of Πµν-correlator

Or

Π(q2) =
−i (2π)3

3q2

∑

X(p)

δ(~p − ~q)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
∫ ∞

0
dt ei(|q0|−p0)t .

We have the following identities

∫ ∞

0
dt e±iαt = π δ(α) ± iP

1

α
.

After all substitutions we obtain

ImΠ(q2) = −π
(2π)3

3q2

∑

X(p)

δ(~p − ~q) δ(p0 − |q0|)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
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Spectral density of Πµν-correlator

В результате всех подстановок получим

ImΠ(q2) = −π
(2π)3

3q2

∑

X(p)

δ(~p − ~q) δ(p0 − |q0|)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2

Мы уже определяли физическую спектральную плотность

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p) θ(p0)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2
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Spectral density of Πµν-correlator

В результате всех подстановок получим

ImΠ(q2) = −π
(2π)3

3q2

∑

X(p)

δ(~p − ~q) δ(p0 − |q0|)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2

Мы уже определяли физическую спектральную плотность

ρ(q2) θ(q0) =
−(2π)3

3q2

∑

X(p)

δ(4)(q − p) θ(p0)
∣
∣
∣〈0

∣
∣Jµ(0)

∣
∣X(p)〉

∣
∣
∣

2

Итак, мы имеем

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)
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Почему в кореляторе T -произведение ?

Итак, мы имеем

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

Мы теперь в состоянии сказать каков смысл изучения
T -произведений в корреляторах:

Lecture 2: Main Ingridients of QCD SRs – p. 9
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Почему в кореляторе T -произведение ?

Итак, мы имеем

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

Мы теперь в состоянии сказать каков смысл изучения
T -произведений в корреляторах: их мнимые части

релятивистски-инвариантны,
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Почему в кореляторе T -произведение ?

Итак, мы имеем

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

Мы теперь в состоянии сказать каков смысл изучения
T -произведений в корреляторах: их мнимые части

релятивистски-инвариантны, зависят только от q2,
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Почему в кореляторе T -произведение ?

Итак, мы имеем

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

Мы теперь в состоянии сказать каков смысл изучения
T -произведений в корреляторах: их мнимые части

релятивистски-инвариантны, зависят только от q2

и, тем не менее, связаны с реальными частицами!
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Почему в кореляторе T -произведение ?

So, we have

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

and now we are able to say why we use T -products in
correlators: their imaginary parts are

relativistic-invariant, depend only on q2,
and, nevertheless, are related to real particles:

ρ(s) =
s σ(s)

16π3 α2
=

1

12π2
R(s)
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Почему в кореляторе T -произведение ?

So, we have

1

π
ImΠ(q2) = ρ(q2)θ(|q0|) = ρ(q2)

and now we are able to say why we use T -products in
correlators: their imaginary parts are relativistic

invariant, depend only on q2,
and, nevertheless, are related to real particles:

ρ(s) =
s σ(s)

16π3 α2
=

1

12π2
R(s)

R(s) =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
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Dispersion relation in vector channel

We have Π(Q2) = Π(0) − Q2

∫ ∞

0

ρ(s)

s(s + Q2)
, where

ρ(s) =
1

12π2

σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
is experimentally

measurable quantity:
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Dispersion relation in vector channel

We have Π(Q2) = Π(0) − Q2

∫ ∞

0

ρ(s)

s(s + Q2)
, where

ρ(s) =
1

12π2

σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
is experimentally

measurable quantity:

(s), vector isovector

ALEPH

0 0.5 1 1.5 2 2.5

1

2

3

4

5 ρ

2
s, GeV
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Quark-hadron duality

Global duality relation (theorem):

∞∫

0

[
ρpert(s) − ρhad(s)

]
ds = 0
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Quark-hadron duality

Global duality relation (theorem):

∞∫

0

[
ρpert(s) − ρhad(s)

]
ds = 0

Local duality relation (hypothesis):

s2∫

s1

[
ρpert(s) − ρhad(s)

]
ds = 0
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Quark-hadron duality

s2∫

s1

ρpert(s)ds =

s2∫

s1

ρhad(s)ds

0 1 2 3 4 5 6 7

1

2

3

4

5

2
(s)  versus  s, in GeVρ

perturbative asymptotics
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Borel Transform

and

Condensates
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Borel Transform

Borel transform is defined as

Φ(M2) = B̂(Q2 → M2)Π(Q2) = lim
n→∞

(−Q2)n

Γ(n)

[
dn

dQ2n
Π(Q2)

]

Q2=nM2
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Borel Transform

Borel transform is defined as

Φ(M2) = B̂(Q2 → M2)Π(Q2) = lim
n→∞

(−Q2)n

Γ(n)

[
dn

dQ2n
Π(Q2)

]

Q2=nM2

Here we list the most important examples:

Π(Q2) ⇒ Φ(M2)

C log

(
Q2

µ2

)

⇒ −C
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Borel Transform

Borel transform is defined as

Φ(M2) = B̂(Q2 → M2)Π(Q2) = lim
n→∞

(−Q2)n

Γ(n)

[
dn

dQ2n
Π(Q2)

]

Q2=nM2

Here we list the most important examples:

Π(Q2) ⇒ Φ(M2)

C log

(
Q2

µ2

)

⇒ −C

1

Q2n
⇒

1

Γ(n) M2n
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Borel Transform

Borel transform is defined as

Φ(M2) = B̂(Q2 → M2)Π(Q2) = lim
n→∞

(−Q2)n

Γ(n)

[
dn

dQ2n
Π(Q2)

]

Q2=nM2

Here we list the most important examples:

Π(Q2) ⇒ Φ(M2)

C log

(
Q2

µ2

)

⇒ −C

1

Q2n
⇒

1

Γ(n) M2n

1

s + Q2
⇒

1

M2
e−s/M2
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QCD ⇔ Quantum Mechanics

Сравнение КХД-переменных с квантовомеханическими
аналогами:

КХД ⇔ Квантовая механика
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QCD ⇔ Quantum Mechanics

Сравнение КХД-переменных с квантовомеханическими
аналогами:

КХД ⇔ Квантовая механика

Q2 ⇔ E
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QCD ⇔ Quantum Mechanics

Сравнение КХД-переменных с квантовомеханическими
аналогами:

КХД ⇔ Квантовая механика

Q2 ⇔ E

M2 ⇔ µ
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QCD ⇔ Quantum Mechanics

Сравнение КХД-переменных с квантовомеханическими
аналогами:

КХД ⇔ Квантовая механика

Q2 ⇔ E

M2 ⇔ µ

Π(Q2) ⇔ G(−E)
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QCD ⇔ Quantum Mechanics

Сравнение КХД-переменных с квантовомеханическими
аналогами:

КХД ⇔ Квантовая механика

Q2 ⇔ E

M2 ⇔ µ

Π(Q2) ⇔ G(−E)

Φ(M2) ⇔ M(µ)
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Pert. vs Non-Pert. contributions in QCD

The strategy now is

to calculate the correlator Π(Q2) in the deep spacelike
region, where one can rely on the asymptotic freedom
of QCD;
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Pert. vs Non-Pert. contributions in QCD

The strategy now is

to calculate the correlator Π(Q2) in the deep spacelike
region, where one can rely on the asymptotic freedom
of QCD;

to apply the Borel transformation to the resulting
expression to get a 1/M2 expansion for Φ(M2);
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Pert. vs Non-Pert. contributions in QCD

The strategy now is

to calculate the correlator Π(Q2) in the deep spacelike
region, where one can rely on the asymptotic freedom
of QCD;

to apply the Borel transformation to the resulting
expression to get a 1/M2 expansion for Φ(M2);

finally, using the dispersion representation for Φ(M2),
to construct a sum rule.
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Pert. vs Non-Pert. contributions in QCD

The strategy now is

to calculate the correlator Π(Q2) in the deep spacelike
region, where one can rely on the asymptotic freedom
of QCD;

to apply the Borel transformation to the resulting
expression to get a 1/M2 expansion for Φ(M2);

finally, using the dispersion representation for Φ(M2),
to construct a sum rule.

The question is: what are the contributions analogous to the
ω2/µ2 corrections?
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Pert. vs Non-Pert. contributions in QCD

The standard idea about the QCD potential V (r) is that it
consists of a Coulomb-like part and a nonperturbative ∼ r
long distance “confining” part:

V (r) = V Coulomb(r) + V conf(r) .

The magnitude of the “Coulomb” effects is determined by
the QCD running coupling constant

αs(Q
2) =

4π

9 log(Q2/Λ2)
+ . . .

Our problem now is to take into account the effects due to
the long-range nonperturbative part of the QCD potential.
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Pert. vs Non-Pert. contributions in QCD

Study of the QM oscillator has demonstrated that M(µ) in
the presence of the potential is different from free M0(µ).

This difference vanishes at short distances and one can
calculate exact M(µ) perturbatively, expanding in powers of
the oscillator potential.

In QCD the confining potential V conf(r) is not even known.
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Pert. vs Non-Pert. contributions in QCD

Possible way out is to proceed as follows:

to construct perturbation expansion in terms of quark
and gluon propagators;

to postulate that quark and gluon propagators are
modified by the long-range confinement part of the
QCD potential;

but the modification is soft in a sense that at short
distances the difference between exact and perturbative
(free-field) propagators vanishes.

Lecture 2: Main Ingridients of QCD SRs – p. 16



Baikal Summer School@Большие Коты

Pert. vs Non-Pert. contributions in QCD

Possible way out is to proceed as follows:

to construct perturbation expansion in terms of quark
and gluon propagators;

to postulate that quark and gluon propagators are
modified by the long-range confinement part of the
QCD potential;

but the modification is soft in a sense that at short
distances the difference between exact and perturbative
(free-field) propagators vanishes.

Then we write the exact propagator Dexact(x) as a vacuum
average of a T-product of fields in the exact vacuum Ω

Dexact(x) = 〈Ω|T (ϕ(x)ϕ(0))|Ω〉 .

Lecture 2: Main Ingridients of QCD SRs – p. 16



Baikal Summer School@Большие Коты

Pert. vs Non-Pert. contributions in QCD

According to the Wick theorem, one can write the
T -product as the sum

T (ϕ(x)ϕ(0)) = ϕ(x)ϕ(0)
︸ ︷︷ ︸

+ : ϕ(x)ϕ(0) :

of the “pairing” and the “normal” product.
The “pairing” is just the expectation value of the T -product
over the perturbative vacuum

ϕ(x)ϕ(0)
︸ ︷︷ ︸

= 〈0|T (ϕ(x)ϕ(0))|0〉.

i.e., the perturbative propagator. By this definition, the
normal product : ϕ(x)ϕ(0) : vanishes if averaged over the
perturbative vacuum: 〈0| : ϕ(x)ϕ(0) : |0〉 = 0.
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Pert. vs Non-Pert. contributions in QCD

Thus, our assumption that Dexact(x) 6= Dpert(x) is equivalent
to the statement

〈ϕ(x)ϕ(0)〉 ≡ 〈Ω| : ϕ(x)ϕ(0) : |Ω〉 6= 0,

which is the starting point to calculating power corrections
in QCD.
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Condensates in QCD

In the oscillator case the analog of 〈ϕ(x)ϕ(0)〉 is the
difference between the exact Green function
Gosc(τ/i) =

mω

2π sinh(ωτ)
and the free Green function

Gfree(τ/i) =
m

2πτ
, where τ ≡ 1/µ is just the imaginary time

variable. Note, that both oscillator and free Green function
are singular for τ → 0, but the difference

Gosc(τ/i) − Gfree(τ/i) =
m

2π

[

−
1

6
ω2τ +

7

360
ω4τ3 − . . .

]

is regular at that point, and one can even expand the
difference into the Taylor series in (ωτ)2.
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Condensates in QCD

In the QCD SR approach it is also assumed that the
confinement effects are sufficiently soft to allow for the
Taylor expansion of 〈ϕ(x)ϕ(0)〉 at x = 0:

〈ϕ(0)ϕ(x)〉 = 〈ϕϕ〉 + xµ〈ϕ∂µϕ〉 +
xµ1xµ2

2
〈ϕ∂µ1

∂µ2
ϕ〉 + . . .

This is, in fact, the expansion of the nonlocal object
〈ϕ(0)ϕ(x)〉 over the vacuum matrix elements of the local
composite operators. Not all operators really contribute to
the expansion above (〈ϕ∂µϕ〉 = 0, 〈ϕ∂µ∂νϕ〉 ∼ gµν〈ϕ∂2ϕ〉,

etc.), so that finally one arrives at the expansion in x2:

〈ϕ(0)ϕ(x)〉 =
∞∑

n=0

(
x2

4

)n
1

n!(n + 1)!
〈ϕ(∂2)nϕ〉 .
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Condensates in QCD

Thus, the modification of the propagator by the
nonperturbative effects is now parametrized by the matrix
elements of the composite operators like 〈ϕ(∂2)nϕ〉. The
examples in QCD are

〈q̄q〉 referred to as the quark condensate;

〈q̄D2q〉, characterizing the average virtuality of the
vacuum quarks;

the gluon condensate 〈Ga
µνG

a
µν〉, etc.

Here Dµ ≡ ∂µ − igAµ is the covariant derivative and
Gµν = (i/g)[Dµ, Dν ] is the gluonic field strength.
Note, that only gauge invariant composite operators should
appear in QCD, i.e. each ∂µ must be accompanied by the
relevant Aµ.
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